Motivated by examples that appeared in the context of string theory -gauge theory duality, we consider corrections to supergravity backgrounds induced by higher derivative (R 4 +...) terms in superstring effective action. We argue that supersymmetric solutions that solve BPS conditions at the leading (supergravity) order continue to satisfy a 1-st order "RG-type" system of equations with extra source terms encoding string (or Mtheory) corrections. We illustrate this explicitly on the examples of R 4 corrections to generalized resolved and deformed 6-d conifolds and a class of non-compact 7-d spaces with G 2 holonomy. Both types of backgrounds get non-trivial modifications which we study in detail, stressing analogies between the two cases.
Introduction
String theory -gauge theory duality implies certain correspondence between perturbative expansions on the both sides of the duality. For example, in the case of the AdS/CFT duality between type IIB string theory on AdS 5 ×S 5 and N = 4 SYM theory, the α ′ and g s expansions on the string side translate into (g 2 YM N ) −1/2 and 1/N expansions on the gauge theory side [1] . In the absence of detailed microscopic understanding of string models in curved Ramond-Ramond backgrounds, one available source of non-trivial string-theoretic information is the low-energy space-time effective action, which, in principle, is universal,
i.e. does not depend on a particular background. The leading correction term in the type II string effective action is of 4-th power in curvature (α ′3 R 4 plus additional terms depending on other supergravity fields as required by supersymmetry).
Provided the basic supergravity background has regular (and small) curvature, the α ′ -expansion is well-defined and should contain useful information about strong-coupling expansion on the gauge theory side. How the effect of R 4 corrections on the string theory side translates to the gauge-theory side was illustrated in [2] on the example of the nearextremal (finite-temperature) version of the AdS/CFT correspondence (the R 4 correction is related to strong-coupling correction to the entropy of the N = 4 SYM theory, see also [3] for some related work).
Another example of the important role of the R 4 term in the string theory -gauge theory duality was given in [4] . There we considered the example of duality between string theory in the "fractional D3-brane on conifold" background [5] and N = 1 supersymmetric SU (N +M ) ×SU (N ) gauge theory with bifundamental matter chiral multiplets [6] . It was explained how the α ′ -corrections to the radial dependence of the supergravity fields should translate into higher-order terms in the RG flow equations on the gauge theory side. In particular, the R 4 term was related to the leading term in strong-coupling expansion of the anomalous dimension of matter multiplets that enters the NSVZ beta-functions.
1
The present work was motivated by [4] . One general question that was left open in [4] is how the α ′ -corrected supergravity equations may be related to the RG flow equations on the gauge theory side given that the former contain higher derivatives while the latter -only first order ones. As we shall argue in section 2, in the supersymmetric 1 In contrast to N = 2 examples (see, e.g., [7] ) where the 1-loop beta-functions are exact (and thus should be reproduced exactly by the dual supergravity backgrounds), the beta-functions of N = 1 gauge theories with matter receive non-trivial higher-order corrections.
cases where the leading supergravity background is a solution of 1-st order BPS system
the solutions of the α ′ corrected effective action equations should
The "source" term J a which encodes information about string α ′ corrections should depend only algebraically on the fields ϕ a . There are two steps involved in arriving at this conclusion. First, one believes that, in a supersymmetric theory, if a leading-order solution is supersymmetry-preserving, i.e. solves a 1-st order system, the same should be true for its exact α ′ -deformation. Indeed, one expects that since the α ′ -corrections to superstring effective action (l P corrections in 11-d) should preserve a deformed version of local supersymmetry, the corrections to a globally-supersymmetric background can be found from the deformed version of the Killing spinor equation (∇ǫ + α ′3 RR∇Rǫ + ... = 0). The latter starts with 1-st derivative term and contains higher derivatives only in α ′ -dependent terms,φ a = ∂ a W (ϕ) + α ′3 B a (ϕ,φ,φ, ...) + ... . As we shall see, one necessary condition for this to happen is that the R 4 -correction should vanish when evaluated on the leading BPS background. Second, the fact that the leading-order background solves the first-order equationφ a = ∂ a W (ϕ) allows one to express, order by order in α ′ , all derivatives of ϕ a in α ′ -correction terms B a as algebraic functions of ϕ a only.
We shall explicitly demonstrate how this happens on the two examples: leading α ′3 R 4 corrections in 10-d (or similar l 6 P R 4 corrections in 11-d) to (i) generalized 6-d conifold metrics [8, 9, 10, 11, 12] and (ii) a class of 7-d metrics with G 2 holonomy [13, 14, 15] . Both cases are Ricci flat metrics preserving part of global supersymmetry (8 and 4 supercharges, respectively), and thus can be obtained as solutions of 1-st order systems. These spaces have regular curvature so that α ′ -expansion is well-defined. A priori, one would expect that once α ′ -corrections are included, one should go back to the Einstein equations corrected by higher-derivative terms and solve them to find the corrections to the metric (this is, in fact, what happens in bosonic string theory). As we shall find, in agreement with the above remarks, the situation in the superstring case is much simpler: the corrected solutions can be found from the corresponding "corrected" BPS equationsφ a = ∂ a W (ϕ) + εJ a (ϕ), ε ∼ α ′3 . We shall solve these equations explicitly to leading order in ε. 2 The functions ϕ a parametrize the supergravity fields which are assumed to depend on one radial coordinate t only. This will be the case for the examples in this paper where the metrics possess large global symmetry and only the radial direction dependence is a non-trivial one. exists a scheme where the dilaton is not changed from its constant value; also, the R 4 term evaluated on the leading-order solution will vanish, and thus, as expected, there will be no shift of the central charge. Considering G 2 spaces as solutions of the 11-d theory, we shall find that there exists a scheme in which the corrected solution preserves the direct-product
there is no generation of a warp factor.
The paper is organized as follows. In section 2 we shall describe the general approach to deriving α ′ -corrected form of the 1-st order system of equations for supersymmetric (BPS) backgrounds.
In section 3 we shall illustrate our approach on the example of conifold metrics as solutions of 10-d superstring theory. We shall first review (in section 3.1) the structure of R 4 string tree-level corrections to the supergravity action, and prove that for any Ricci-flat leading-order solution for which R 4 invariant vanishes, there is a scheme where there is no correction to the dilaton. This claim is based on certain identity (proved in Appendix A) between second covariant derivatives of R 3 invariants (which is, in turn, related to the fact that the 4-point superstring amplitude involving 3 gravitons and 1 dilaton vanishes).
In section 3.2 we shall determine the corrected form of 1-st order equations for the generalized resolved conifold metric and explain that its structure is indeed consistent with the expected [16, 17, 18] deformation of the Kähler structure. We shall explicitly compute the corresponding correction to the Kähler potential and thus the metric of this noncompact CY space. In section 3.3 we shall briefly discuss analogous computation for the deformed conifold case.
(it is not clear if there is a non-local "CFT scheme" analogous to the one in the CY case where its existence is implied by a possibility to deform the Kähler potential of the n = 2 sigma model to its Ricci-flat value [18] ). It is possible that there is a relation between the conformal anomaly and the anomaly of the W-type symmetry, so that the charges associated with the covariantly constant forms may not be conserved quantum mechanically [29] .
In section 4 we shall carry out similar analysis for a class of G 2 holonomy spaces viewed as solutions of 11-d supergravity modified by R 4 terms (similar results are found in 10-d tree level string theory framework). In section 4.1 we shall review the structure of the R 4 terms in 11-d theory and mention correspondence upon dimensional reduction with the string one-loop R 4 corrections in 10 dimensions. In section 4.3 will find explicitly the simple corrected form of the BSGPP solution [13, 14] . The analysis of the corrections to the BGGG [15] metric will be more involved and less explicit (due to the fact that the general solution for the homogeneous system of 1-st order equations describing small perturbations near the BGGG solution is not known in an analytic form).
String corrections to first-order equations
The gravity backgrounds we shall consider in this paper will have nontrivial dependence on only one "radial" coordinate, and may be derived as solutions of equations of motion following from 1-dimensional action obtained by plugging the ansatz for the metric (and the dilaton) into the string effective action
Here ϕ a (t) are functions of the radial coordinate that parametrize the metric and the dilaton, V is a scalar potential following from the Einstein term in the action, and L (1) stands for the contribution of the leading higher-derivative (R 4 + ...) correction term. The expansion parameter ε will be proportional to α ′3 in d = 10 or l 6 P in d = 11. We will be interested in finding the corrected form of the solutions to leading order in ε but the discussion that follows should have a direct generalization to higher-order corrections. The examples of spaces we shall consider will be non-singular, and thus perturbation theory in dimensionless ratio of ε and an appropriate power of the curvature scale will be welldefined.
In the cases of interest, V will be expressed in terms of a superpotential (reflecting the fact that a fraction of global supersymmetry is preserved by the corresponding solutions)
Then the action S (0) may be rewritten, up to a total derivative, as
and thus solutions ofφ
provide its extrema, and satisfy the usual "zero-energy" constraint T + V = 0.
The string or M-theory higher-derivative corrections to the 10-d and 11-d supergravity actions should preserve a "deformed" version of the original local supersymmetry, so that the corrected versions of globally-supersymmetric supergravity solutions are expected to solve a "deformed" version of the Killing spinor equations, ((∇ m + RR∇Rγ ... m + ...)ǫ = 0, see, e.g., [31] ), and thus a "deformed" version of the first-order BPS equation (2.4) . This suggests a conjecture (which will be justified in the explicit examples considered below) that the corrected effective action (2.1) may be rewritten in the form similar to (2.3)
where W
(1) a are some functions of ϕ a 's and their derivatives. Then (2.4) will be replaced
J a will play the role of sources if one solves these corrected equations (2.6) in perturbation theory in ε. It is natural to expect that with higher order correction terms added to (2.1) and thus to (2.5), one should be able to find the exact solutions to the resulting effective equations from the system (2.6) with εJ a replaced by a power series in ε.
Comparing (2.1) to (2.5), we derive the following condition for (2.5) and (2.6) to be true (modulo total-derivative terms which we shall always ignore)
One consequence of this relation is that the value of the correction L (1) evaluated on the leading-order BPS solution of (2.4) must vanish. As we shall see, (2.7) will indeed be satisfied in all examples we will consider. We expect that this condition should hold for any supersymmetric solution and any correction preserving supersymmetry. In particular, the correction to the action should vanish on the leading-order BPS solution. A heuristic reason why this should be the case is that the value of the correction may be regarded as a shift of energy which should vanish for a supersymmetric solution.
The condition (2.7) suggests the general strategy of computing the corrections J a to the first-order equations (2.6): one should introduce the variables 8) and express the correction L (1) as a function of ϕ a , Q a and derivatives of Q a . Since L (1) should vanish for Q a = 0, expanding it in powers of Q a and its derivatives we get
Since we are interested in solving (2.6) to leading order in ε, all we need to know is the first W In each particular case discussed below the functions W
a (ϕ) will be found by a straightforward (computer-assisted) computation. It is important to note that while the correction term L (1) in (2.1) depends, in general, not only on ϕ a but also on its derivatives, the leading term W
a (ϕ) in (2.9), and, therefore, J a , computed in this way will depend only on ϕ a -since the leading-order equations are first-order, all higher derivatives of ϕ a can be expressed in terms of ϕ a using (2.4) order-by-order in ε.
It is clear that the same should be true also at higher orders in ε, provided one uses perturbation theory in ε. This suggests that the exact (all-order in ε) form of the BPS equations (2.6) may admit an equivalent representation where all terms in the r.h.s. are simply algebraic functions of ϕ a , just as in the case at the leading supergravity order in (2.4) . One is tempted to conjecture that such "RG equations" which do not involve higherderivative terms (and resulting after a non-trivial rearrangement of the α ′ or l P expansion)
should follow from a more fundamental definition of the supersymmetry/BPS condition in string theory which is not referring to low-energy effective action expansion.
At the leading order in perturbation theory in ε the corrected equations (2.6) take the form of first-order equations. It is useful to note that to compute W
a (ϕ) or J a we will not need to know the explicit form of the solution to the original equations (2.4): after fixing a particular ansatz for the metric involving functions ϕ a and computing the corresponding curvature invariants entering (2.1) we will be able to express them in terms of ϕ a using only the general form of the first-order system (2.4).
R 4 corrections to conifold metrics in type II superstring theory
In this section we will consider type II string theory on manifolds R 1,3 × M 6 , where M 6 is either a resolved or deformed conifold. Our aim will be to determine explicitly how the metric on these spaces is changed by the leading R 4 correction to the supergravity action. For definiteness, we will discuss the effect of the tree-level α ′3 string correction [32, 16, 33, 34] , but all is the same for the similar 1-loop correction (the difference between the tree-level and 1-loop R 4 invariants in type IIA theory vanishes for the 6-d backgrounds we consider).
Since the conifolds are Ricci flat Kähler manifolds [8] , one in general expects that (in an appropriate scheme) the deformation of these metrics will be determined, as for all CY metrics [16, 17, 18] , by a modification of the Kähler potential. We shall start addressing this problem in the 1-st order equation framework of the previous section: this approach is more universal as it applies to less supersymmetric (non-Kähler) spaces like G 2 holonomy spaces discussed later in section 4.
3.1. α ′3 R 4 terms in type II superstring effective action
We begin by recalling the structure of α ′3 corrections to the relevant part of type II effective action -the one which depends on the graviton and the dilaton only. Using the Einstein frame, the leading α ′3 corrections to the tree-level string effective action implied by the structure of the Green-Schwarz 4-point massless string scattering amplitude can be written as [32, 35, 36 ]
where
and
Here C ijkl is the Weyl tensor, and we omit terms proportional to ∇ m φ∇ m φ in the definition of C ijkl (our leading-order backgrounds will have trivial dilaton field).
Due to the field redefinition ambiguity [37, 32] , we can assume that all the terms in (3.1) depend only on the Weyl tensor: the Ricci tensor terms can be expressed in terms of the dilaton terms using leading-order equations of motion, i.e. changing the scheme).
For the same reason, we shall also assume that in the scheme we use there are no terms proportional to the dilaton equation of motion ∇ m ∇ m φ. We will see, however, that to preserve the Kähler structure of M 6 one will have to change the scheme, adding a certain Ricci tensor dependent term to the effective action.
Beyond the 4-point level, the above form of the leading α ′3 corrections is dictated by the sigma model considerations. As follows from [33, 34] , there exists a scheme in which the metric and dilaton dependent terms in the action (reproducing the 4-loop correction to the beta-function [16] ) are given, in the string frame, by
The action that follows from (3.4) upon the transformation g mn → e φ/2 g mn gives the corresponding action in the Einstein frame that differs from the one in (3.1) by a change of the scheme (assuming one restores back the presently irrelevant (∂φ) 2 terms omitted in (3.2)).
Since the leading-order Ricci-flat backgrounds we are interested in have φ = 0, we need to keep only the terms e −3 2 φ C 4 and C 3 ∇ 2 φ in (3.1) as these may give corrections to the dilaton equation. Explicitly, the relevant terms in (3.1) are found to be
where I 4 (C) is given by (3.5) with R ijkl → C ijkl , and E ij is defined by
The tensor E ij has the property
where E ∼ ǫ 6 ǫ 6 RRR is the 6-d Euler density, which, for a Ricci-flat space and up to a numerical coefficient, is given by
As we will show in Appendix A, for any Einstein (in particular, any Ricci-flat) manifold the tensor E ij satisfies also the following identity
Thus (3.6) may be rewritten, up to a total derivative term, as
As a result, the second term can be removed by the following shift of the dilaton in (3.1)
Then, in such a scheme the dilaton can get corrections only from the first term e
6 In fact, there will be no correction to the dilaton coming from the exponential coupling of φ to the I 4 (C) invariant in (3.6): for all supersymmetric backgrounds we will study in this paper we will find by direct computation that I 4 (C) vanishes. This invariant should vanish for all special holonomy, supersymmetry-preserving metrics (see also [4] )
Thus, in the scheme where the term E∇ 2 φ in (3.11) is absent, the dilaton of these supersymmetric backgrounds is not modified from its constant leading-order value. 7 Therefore, in what follows we will set φ = 0.
Corrections to the resolved conifold metric
The metric on resolved conifold [8] 6 Note that since the 4-point on-shell superstring scattering amplitude involving 3 gravitons and 1 dilaton has the same kinematic factor as the one following from the second term in (3.6) or (3.11), we conclude that this amplitude is always zero. 7 For 6-d conifolds, these conclusions are in agreement with the previous general statements about the dilaton shift (and the non-renormalization of central charge) for the CY spaces [30] .
and y, w, v are the functions of the radial coordinate u. Since the leading order 10-d background is the direct product R 1,3 ×M 6 , it is clear from the sigma model considerations that there should exist a scheme where the α ′ -corrected string-frame metric is also a direct product of R 1,3 and a corrected 6-d metric. A priori, the metric need not remain a direct product in the Einstein frame (as this property is scheme-dependent), so the most general ansatz should be is the 4-dimensional Minkowski' metric and p(u) is an additional "warp factor" function.
As was already mentioned above, corrections to the metric and the dilaton can be studied separately. Computing the scalar curvature of (3.16),(3.14), we find, as in [10] , the corresponding 1-d action ( 
The corresponding system (2.4) of 1-st order equations is then
The general solution of these equations depends on two non-trivial integration constants (the third one is a shift of the radial coordinate) and can be written as
8 This form of the ansatz is of course equivalent (by a redefinition of y and w in (3.14)) to The coordinate ρ and the original coordinate u are related by
the metric (3.14) takes the form [10, 11, 12 ]
The case of a = b = 0 corresponds to the standard singular conifold [8] ; b = 0 gives the standard resolved conifold metric [10] ; a = 0, b = 0 corresponds to the non-singular generalized conifold [11, 12] 
Corrected form of 1-st order equations
To find the deformation of this metric under the R 4 correction to the Einstein action we are to determine the source terms in (2.6) as described in section 2 (see (2.6)-(2.9)). Computing the R 4 curvature invariant in (3.1) for the metric (3.15) and then using the equations (3.19) , (3.20) to express the derivatives of functions in terms of functions themselves we find that it indeed vanishes as required by (2.7). Its first variation (cf. (2.9)) gives the
Since the source for the p equation vanishes, we can thus set it to zero p = 0, i.e. the 10-d space retains indeed its direct-product structure. This is a scheme-dependent property: if we used another scheme, e.g., the one with the Riemann tensor R ijkl instead of the Weyl tensor C ijkl in (3.6), we would get a nontrivial expression for the warp factor p.
The equation for w is thus the only one that gets corrected,
This structure of the corrected equations is related to the fact that the resolved conifold is, in fact, a Kähler manifold (see below). Moreover, J w can be represented as the u-derivative of the 6-d Euler density E (3.9) evaluated on the metric (3.22) (i.e. on (3.14) which solves the system (3.19), (3.20))
Computing the 6-d Euler density for the metric (3.14) and using (3.19) , (3.20) to eliminate the derivatives of v, w, y, we get It follows that E vanishes (and thus there are no corrections) [4] for the standard (singular)
conifold which corresponds to a = b = 0, and is regular in all other cases (E(ρ 0 ) ≥ E ≥ E(∞) = 0).
Kähler structure
The resulting system of linear equations for y in (3.19), v in (3.20) and (3.25) looks rather complicated, but it can be solved explicitly if one is guided by the information provided by the existence of the Kähler structure [8] on the resolved conifold. Indeed, the resolved conifold is a CY manifold with the following Kähler potential [8, 10] 
where Λ is a function of angles and t is related to the radial coordinate r used in [10] as r 2 = e t , i.e. it is related to ρ in (3.22) by
Written in terms of K the resolved conifold metric is [10]
It is clear from the metric that the radii of the spheres at t = −∞ (i.e. at ρ = ρ 0 (a, b))
are determined by K ′ (−∞) which can be expressed in terms of the constants a and b.
Comparing (3.31) with the general ansatz for the metric (3.14) written in terms of the t coordinate,
we get the following relations
Substituting these relations into (3.19),(3.20), we find that the equations for v and y + w are satisfied identically for any function K, while the equation for w reduces to 
The equations (3.19) , (3.20) corrected by the sources (3.24), (3.25) can be written in the form
Note that eq. (3.36) can be easily integrated.
The corrected 6-d metric corresponding to the solution of this system may be interpreted as follows: up to a specific conformal factor (which is related to the redefinition 
Here t 0 is an integration constant which is convenient to fix so that e 2t 0 = 3 2 . Indeed, the Weyl transformation g mn = e 2hg mn of the metric (3.32), i.e. of (3.14), (3.15) 
We shall use the alternative interpretation: one starts with K 0 and finds K = K 0 +εK 1 +... as a solution of the corrected string (beta-function) equations.
As for the meaning of the Weyl rescaling of the metric, it is related to the particular scheme choice used in (3.1), which is not the same scheme in which the metric retains its
Kähler structure (see below).
Corrected form of the metric
Since the curvature of the metric (3. Integrating (3.37) one more time, we get (we always expand to leading order in ε)
where c is another integration constant which we choose so that c 
Changing from t to ρ coordinate (3.30) and using (3.28) for E we get
where ρ 0 = ρ 0 (a, b) is defined in (3.23) and Note that the corrections vanish at both ends of the interval of values of ρ: ρ 0 ≤ ρ < ∞.
Eq. (3.41) simplifies in the two special cases: the generalized conifold a = 0, b = 0, where
and the standard resolved conifold a = 0, b = 0, where
These expressions give the explicit form of the corresponding metrics (3.31).
Scheme dependence
Let us now return to the question of the Weyl rescaling of the metric we needed to do to make its Kähler structure manifest. This is related to the issue of scheme dependence.
We have shown that the R 4 corrections (chosen in the specific scheme (3.1)) modify the 
For q = 0 this is equivalent to the standard conifold ansatz or (3.14),(3.15) with v = 0. 
The solution of this system gives the generalized [10, 11] deformed conifold metric depending on the two parameters (b, ǫ) and having regular curvature. For b = 0 it becomes the metric of the standard deformed conifold [8, 9] while for ǫ = 0 it gives the metric of generalized standard conifold (i.e. (3.22),(3.23) with a = 0).
The system (3.53),(3.54) is very similar to (3.19), (3.20) in the resolved conifold case and the analysis of the R 4 correction to the deformed conifold metric is thus closely parallel to the one in the previous section, so we will omit the details.
We find again that the R 4 invariant in (3.1) vanishes when evaluated on the solution of (3.53),(3.54), and that the corrected form of the 1-st order equations is (2.6) with the source terms We conclude that as in the resolved conifold case: (i) this form of the corrected equations is consistent with the expectation that there should exists a scheme where the metric preserves its Kähler structure; (ii) in the scheme we are using the warp factor p can be set equal to zero, i.e. the 10-d metric preserves its 4+6 factorized form.
R 4 corrections to a class of 7-d metrics with G 2 holonomy
In this section we shall analyze the corrections induced by the R 4 terms in the effective action to another class of supersymmetric leading order Ricci flat solutions -spaces with G 2 holonomy found in [13, 14] and in [15] . We shall phrase our discussion in the 11-d framework, i.e. look at solutions of the R + l 6 P R 4 + ... low-energy effective action of Mtheory, but the analysis of the corresponding 10-d string solutions is essentially the same (we shall comment on this explicitly in section 4.5). We shall see that G 2 spaces get non-trivial corrections, implying that G 2 structure should be deformed (in line with the deformation of the local supersymmetry transformation rule and thus of the form of the Killing spinor equation).
We shall derive the corresponding corrected ("inhomogeneous") form of 1-st order equations for the functions parametrizing these metrics and discuss their solutions. The important role will be played by the analysis of solutions of the homogeneous part of the equations, i.e. the equations for small perturbations near the leading-order solution. In section 4.4 we will extend (and correct) the analysis of this homogeneous system given previously in [15] .
R 4 terms in 11-dimensional theory
Let us start with recalling the structure of the leading R 4 correction terms in the M-theory effective action (see [38] and references there) 
3)
. The direct reduction of (4.3) to 10 dimensions should
give the 1-loop R 4 + ... term in type IIA superstring theory. In Appendix A we perform a check of consistency of this reduction in the sector of CCC∇∇φ terms.
General ansatz for the metric
We shall consider a general class of 7-d spaces of G 2 holonomy studied in [13, 14, 15, 19] .
They have the global symmetry SU (2) × SU (2) × U (1) × Z 2 . The general ansatz for the 12 We choose the scheme where the curvature tensor is expressed in terms of the Weyl tensor and Ricci tensor terms, with the latter replaced by the F 4 -dependent terms using leading-order field equations. Here σ i andσ i are the basis one-forms invariant under the left action of the groups SU (2) and SU (2), respectively, i.e. σ 1 = cos ψdθ + sin ψ sin θdφ , σ 2 = − sin ψdθ + cos ψ sin θdφ , σ 3 = dψ + cos θdφ , (4 .7) with the analogous formulas forσ i in terms ofψ,θ,φ. The functions α, β, γ, δ, p depend only on the "radial" coordinate t.
The warp-factor field p is introduced to account for the fact that the R 4 corrections could, in principle, destroy the direct product structure of the original
background (this will not happen in a particular scheme we are using but p may be nonvanishing in other schemes).
Computing the R-term in the 11-d action (4.3) on this ansatz, one finds the following 1-d action, cf. (3.17) (this is the generalization of the expression derived in [15] to the case of nonvanishing function p) The variables and the radial coordinate used in [15] are related to ϕ a and t as follows A = e α , B = e β , C = e γ , D = e δ , dr = e 2α+2β+2γ+δ dt , (4.11)
The superpotential (4.10) expressed in terms of A, B, C, D takes the form
The corresponding system of first-order equations (2.4) is the one studied in [15] dA dr = 1 4
2ABC
, dp dr = 0 . (4.14)
The superpotential given in [15] 13 is obtained from (4.10) (or (4.13)) by interchanging
, and setting p = 0.
There are two simple known solutions of the system (4.14): the one found in [13, 14] , and another one found in [15] . Any 7-dimensional manifold M 7 with the metric (4.12) has a particular U (1) isometry acting by the same shift on the angular coordinates ψ andψ: ψ → ψ + ν,ψ →ψ + ν. The field C(r) in (4.12) determines the radius of the associated circle ( the scale of the σ 3 +σ 3 direction). The 11-dimensional manifold of the form R 1,3 × M 7 can be reduced along this U (1) direction to a 10-d background of type IIA superstring theory. The solutions found in [13, 14, 15] correspond after this reduction to a D6-brane wrapped a three-sphere S 3 of deformed conifold [21, 22] . Since the type IIA dilaton is given by e φ = C 3/2 , the field C determines also the value of the string coupling (see [15, 22] for details).
Vanishing of correction to warp factor
The contribution of the R 4 correction (4.4) to the 1-d action corresponding to the ansatz (4.5) can be obtained using the method described in section 2. We have checked that the combination I 4 (C) given by (4.4) vanishes for any solution of the 1-st order system (4.14).
13 Note that the factor 2 in eq. (4.6) and √ 2 in eq. (4.8) of [15] should be omitted to get the correct expression.
Since (4.14) can be used to express any derivative of the metric and thus its curvature as an algebraic function of α, β, γ, δ, to check this one does not need to know the explicit form of the solutions of (4.14).
Since I 4 (C) in (4.4) depends only on the Weyl tensor, it is easy to see that then the correction W
( 1) 5 in (2.9) corresponding to the warp factor p = ϕ 5 in (4.5) also vanishes.
This does not yet imply that the corresponding source component J 5 in (2.6) should also vanish since the components G 5a of the metric are non-trivial. Nevertheless, computing all the corrections W
a and the corresponding sources J a , we have found that indeed J 5 = 0.
As a result, we conclude that the R 4 correction does not modify the equation for p, i.e.
we can set p = 0 so that the direct product structure of the background R 1,3 × M 7 is preserved at the R 4 level. This is a scheme-dependent statement: if we used the action with the Riemann tensor R ijkl instead of the Weyl tensor C ijkl in I 4 in (4.4), we would get a nontrivial correction to the warp factor p. The two schemes are, in general, related by a redefinition similar to (3.46), g mn → g mn + s 1 ε(RRR) mn + s 2 εRRRg mn + ..., which may rescale the 11-d metric by a factor 1 + k 1 εRRR.
Corrections to BSGPP solution
We shall first study the R 4 corrections to the G 2 holonomy metric found in [13, 14] .
The manifold has an enhanced SU (2) × SU (2) × SU (2) × Z 2 global symmetry which is achieved by setting α = δ, β = γ in (4.6), i.e. D = A, C = B in (4.12). Then the system (4.14) reduces to
The general solution of this leading-order system (A = A 0 , B = B 0 ) depends on two parameters r 0 and s
In the special case r 0 = 0, s = 0 the metric (4.12) takes the form:
This space is a cone which is singular at ρ = 0. It follows from the analysis given below that, like the standard singular conifold, this singular space is not corrected by the R 4 term in the effective action. has regular curvature, and thus computing corrections in expansion in powers of curvature is well-defined.
The corrected analog (2.6) of the system (4.15) is found to be
18)
One is supposed to solve this system to leading order in ε only (since we ignored higher order in ε corrections to the effective action). Setting 20) where A 0 and B 0 in (4.16) solve (4.15), we find that a and b should satisfy 
(4.22)
14 In contrast to the case of the singular conifold the invariant E (3.9) is non-zero for this solution.
Here c s and c r 0 are arbitrary constants, and we have chosen s = 0 and r 0 = 1 here and in what follows (so that 1 ≤ r < ∞). Evaluating (4.19) on the solution (4.16), one finds
Then the general solution of (4.21) is given by a(r)
.
The corrections vanish at large r. We can fix the constant c s and c r 0 by imposing the boundary conditions that imply that the short-distance (r → 1) limit of the metric is also not changed by the R 4 correction, namely, 
Corrections to BGGG solution
Next, let us analyze corrections to another class of spaces with G 2 holonomy found in [15] (see also [19] ). The corresponding metric is given by a special solution to the system (4.14) depending only on two (out of possible four) parameters s, r 0
15
A 0 (r; s, r 0 ) = (r − s − r 0 )(r − s + 3r 0 ) 8r 0 , B 0 (r; s, r 0 ) = (r − s + r 0 )(r − s − 3r 0 ) 8r 0 ,
15 The parameter r 0 we are using differs from the one in [15] by a factor of As in the BSGPP case, the presence of the two free parameters s and r 0 simply reflects the invariance of (4.14) under a shift and a rescaling of the coordinate r. In what follows we shall set s = 0 and r 0 = 1, so that the range of r will be 3 ≤ r < ∞.
To find the corrections we need to know the general solution of the homogeneous system of linear equations describing small perturbations of A, B, C and D around the solution (4.27), as well as a particular solution of the inhomogeneous system with sources corresponding to R 4 correction expanded near the solution (4.27) . Unfortunately, in the present case it does not seem possible to find the exact general solutions of these two systems. That makes the computation of the corrections much more complicated. Instead of finding the solutions numerically, we will determine them in the vicinity of r = 3 by expanding in powers of r − 3, and also at large r by expanding in powers of 1/r. We will then sew the two expansions. This will allows us to get all essential information for determining the corrections, though the explicit analytic form of the corrected solution in this case will not be available.
Linearized perturbations near the leading solution
Let us start with the system of linear equations describing small perturbations of A, B, C and D around the solution (4.27). 16 Representing the fields as in (4.20) ,
we find the system of equations for the perturbations near (4.27) with s = 0, r = 1 (cf.
Differentiating the solution (4.27) with respect to the parameters s and r 0 (and then setting them equal to s = 0, r 0 = 1) as in (4.22) , we obtain the following special two-parameter solution to (4.29) , 16 The analysis below extends and corrects the previous discussion in [15] . The matrix M (r) has the following expansion near r = 3
M has the following eigenvalues λ q and the corresponding eigenvectors v q Thus we know their exact form (away from r = 3)
Note that, contrary to the claim in [15] , the perturbation (4.35) does not describe a new deformation of the two-parameter solution (4.27) but corresponds simply to a change of the parameters s and r 0 . 18 We will denote the solution corresponding to the eigen-value
The perturbation corresponding to λ 1 = −3 is singular at τ ≡ r − 3 = 0 (i.e. it does not represent a smooth deformation of the solution (4.27)); it is found to be
The ln τ terms in (4.36) (which are exact) are multiplied by the functions of the explicitly known two-parameter solution (4.30) with c s = 1/3, c r 0 = 0.
The fourth linearized solution corresponding to λ 4 = 1 vanishes at r = 3 and (as we shall see below) goes to a constant at r = ∞. Since the value of the function C in (4.12) may be interpreted as in [15] as determining the radius of the M-theory circle, this perturbation describes a nontrivial deformation of the manifold corresponding to a finite change in this radius at infinity [21] (cf. [15] ). Near τ = r − 3 = 0 it is given by a series in powers of τ with the radius of convergence |τ | < 2. To match the solution to a solution found at large r we computed it up to the order τ 20 . The first few terms of the series are
Next, let us solve the system (4.29) at large r, where M (r) in (4.31) has the form In the process of the analysis of small perturbations near the special solution (4.27) we have thus shown that the system (4.14) has a three-parameter family of regular solutions, with the third non-trivial parameter corresponding to the perturbation φ i 4 . The existence of a 3-parameter family of solutions of the 1-st order system (4.14) was also demonstrated in [19] by using numerical analysis of (4.14).
Solution of the inhomogeneous system
Now we are ready to study the R 4 corrections to the solution (4.27 To solve the resulting system we follow the same strategy that we used to analyze the small perturbations near the leading solution: find approximate solutions of (4.44) near r = 3 and at large r, and then sew the two expansions.
To solve (4.44) near r = 3 we impose the conditions
As follows from the analysis of small perturbations, this condition fixes the solution modulo the solution (4.37) of the system (4.31) which also vanishes at τ = 0. We computed the expansion in τ up to the order τ 20 . The series has a radius of convergence |τ | < 1, and its first few terms are given by
. (4.47) 19 We first found J s for an arbitrary solution of (4.14) as functions of φ s by using the method described in section 2, and then computed them on the special solution (4.27) with s = 0 and r 0 = 1.
Here c 4 is an arbitrary constant which is not fixed by the boundary conditions, and a 4 , b 4 , c 4 , d 4 is the solution (4.37) of the homogeneous system. We will later fix the constant c 4 by requiring that the corrected solution also vanishes at r = ∞. This is a natural requirement since corrections to the BGGG background vanish at large r. Let us first recall the origin of E ij : it appears from the R 4 invariant (3.5) upon performing a conformal variation of the metric: δg ij = ψg ij , δI 4 (R) = 4E ij ∇ i ∇ j ψ. Since the structure of I 4 (R) is strongly constrained by supersymmetry, the same should be true for E ij . We suspect that there may be a way to understand the existence of the identity (3.10) from the fact that the structure of E ij is constrained by the local supersymmetry.
First, it is easy to check that if (3.10) holds for any Einstein manifold, then the same identity should hold also with the Weyl tensors in (3.7) and (3.9) replaced by the Riemann ones. Then omitting terms that vanish for R ij = kg ij we obtain
2)
(A.5)
We are going to show that I 1 = 0, I 2 = 0, I 3 = −I 4 , thus demonstrating that the r.h.s.
of (A.1) is zero.
Using the Bianchi identity we find
Using then cyclic identity, we get
The cyclic identity gives also ∇ i ∇ j R imkl R jpkq R lmqp = 1 2 ∇ i ∇ j R ikml R jmpq R klpq , so that finally I 1 = 0. To show that I 2 = 0 we need the following identities
the Weyl tensor that have 10-dimensional indices. Modulo field redefinition ambiguity we can replace the Weyl tensor C ijkl by the Riemann one R ijkl . Using the general relation between curvatures of the two conformally-equivalent spaces (g ij = e 2ϕ g ij )
we derive the following relation between 11-d and 10-d Riemann tensors . Therefore, if we start from the 11-dimensional R 4 term and dimensionally reduce, we get − 2 3 E ij ∇ i ∇ j φ term, while we get 2E ij ∇ i ∇ j φ term if we start directly in 10 dimensions (see (3.6) ). That would be a puzzling contradiction if not for the fact that the term E ij ∇ i ∇ j φ is, in fact, vanishing onshell, thanks to the non-trivial identity (3.10),(A.6) proved above. We suspect that there should be several similar identities related to supersymmetry of the R + R 4 + ... actions which may explicitly appear in constructing these actions in the component approach as in [39] .
